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Abstract
An analysis of the couplings of the 210 dimensional SO(10) vector multiplet to
matter is given. Specifically we give an SU(5) × U(1) decomposition of the vec-
tor couplings 16± − 16± − 210, where 16± is the semispinor of SO(10) chirality
±, using a recently derived basic theorem. The analysis is carried out using the
Wess-Zumino gauge. However, we also consider the more general situation where
all components of the vector multiplet enter in the couplings with the chiral fields.
Here elimination of the auxiliary fields leads to a sigma model type nonlinear La-
grangian. Interactions of the type analysed here may find applications in effective
theories with the 210 vector arising as a condensate. The analysis presented here
completes the explicit computation of all lowest order couplings involving the 16±
of spinors with Higgs and vectors multiplets using the basic theorem.
1 Introduction
In the usual couplings of vector bosons, the vector bosons belong to the adjoint
representation of the gauge group (V̂a, a=1,..,N) and thus have one to one corre-
spondence with the number of generators of the gauge group (T a, a=1,..,N). This
allows one to form the Lie valued quantity V̂ = V̂aT
a which enters prominently in
the construction of Yang-Mills gauge interactions which describe the self interac-
tions of the gauge bosons. Further, one also utilizes the Lie valued quantities to
couple the vector bosons to matter. In supersymmetric theories one essentially uses
the same strategy in that one also uses Lie valued quantities and further one uses
the Wess-Zumino gauge[1] in which the vector multiplet is reduced to just three
components, Vµ, λ,D, where Vµ is the spin 1 vector field, λ is a spin 1
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Majorana
fields and D is an auxiliary field. The question arises how one may construct the
couplings of a vector multiplet which does not belong to the adjoint representation.
We focus here on the group SO(10) which is one of the groups under considerable
scrutiny as it is a possible grand unification group for the unification of the elec-
troweak and of the strong interactions[2]. Thus, for example, in SO(10) one has a
16 dimensional spinor representation which can accomodate a full one generation
of quarks and leptons and its vector couplings have the following decomposition
16× 16 = 1 + 45 + 210 (1)
Thus while it is straightforward to couple 1 and 45 plet of vectors with the 16×16
using the usual Yang-Mills construction, and for the case of supersymmetry using
the supersymmetric Yang-Mills construction, the same procedure does not apply
to the coupling of the vector 210 multiplet. Recently, we have given a complete
computation of the couplings in the superpotential which involve the 16 plet of
matter[3, 4]. In Ref.[3, 4] a ”basic theorem” using oscillator method[5, 6] was
developed which allowed one to carry out explicit analytic computations of the
SO(10) couplings. Since 16 × 16 = 10 + 120 + 126 we have given a complete
determination of the couplings of matter -matter -Higgs couplings of the type
16 − 16 − 10, 16 − 16 − 120 and 16 − 16 − 126 [7, 8]. The present analysis is
motivated by similar considerations where we wish to give a complete analysis
of the vector couplings of 16 × 16. While the vector couplings 16 − 16 − 1 and
16 − 16 − 45 are straightforwardly given by the standard analysis, this is not the
case for the 16 − 16 − 210 vector coupling. Here we need a new technique to
address this question. The purpose of this paper is to do just that. In this paper
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we consider the couplings of the supersymmetric vector 210 multiplet in SO(10).
We focus on this construction both for the theoretical challenge of constructing
such couplings as well as for the possibility that such interactions may surface in
some future effective theories to describe fully all the degrees of freedom at some
relevant energy scale.
The outline of the rest of the paper is as follows: In Sec.2 we follow the conven-
tional approach and give the coupling of the 210 multiplet with 16 plet of matter,
i.e., we compute the couplings 16±− 16±− 210 in the Wess-Zumino gauge and we
carry out a full SU(5)×U(1) decomposition of it. Elimination of the auxiliary fields
is carried out in Appendix C. At the very outset we discard the constraint of gauge
invariance since the imposition of such a constraint is untenable for the 210 multi-
plet. In Sec.3 we consider the more general couplings of the 210 multiplet retaining
all the components of the vector multiplet, i.e, we do not impose the Wess-Zumino
gauge constraint[1]. In the construction we use the superfield formalism[9] to guar-
antee that we have explicit supersymmetry at all stages in the theory. In this case
elimination of the auxiliary fields leads to a non-linear Lagrangian with infinite
order of nonlinearities in it. The general technique underlying this procedure is
illustrated in Appendix G for the U(1) case. This analysis has some resemblance
to the analysis of Ref.[10] which also used a unconstrained vector multiplet, i.e., it
did not impose the constraint of the Wess-Zumino gauge[1]. However, the analysis
of Ref.[10] did not include an explicit mass term for the vector multiplet, nor the
self interactions of the vector fields and it did not integrate the auxiliarly fields. In
fact the motivation of the work of Ref.[10] was very different in that the analysis
of Ref.[10] was geared to study spontaneous symmetry breaking and generation
of vector boson masses in that context. Returning to the 210 multiplet we note
that since the 210 vector multiplet interaction cannot be gauge invariant, one
must view its interactions only as effective interactions and thus the appearance
of sigma model type nonlinearities here are quite acceptable. In Sec.4 we give the
conclusions. Appendix A is devoted to notation and definition of the components
of the vector and chiral superfields. Normalization of the dynamical modes are
given in Appendix B. An elimination of the auxiliary fields appearing in Sec.2 is
given Appendix C and an illustration of the SO(10) couplings of Sec.3 is given
in Appendix D. For completeness an SU(5) × U(1) decomposition of the singlet
vector couplings and of the 45 vector couplings are given in Appendices E and F.
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2 Coupling of 210 vector multiplet to 16± plet of
matter
In usual formulations of particle interactions the vectors belong to either singlets or
the adjoint representations of the gauge group of the theory under consideration.
To couple the vectors to matter one forms a Lie valued quantity V̂ aTa where Ta
are the generators of the gauge group satisfying the algebra [Ta, Tb] = ifabcTc.
Then one couples the Lie valued quantity to the matter fields in the form Φ†egV̂Φ
which can be shown to be a gauge invariant combination. For the representations
1 and 45 on the right hand side of Eq.(1) one can carry out this construction
straightforwardly (see Appendices E and F). However, this construction does not
work for the 210 vector multiplet as one cannot write a gauge invariant Yang-Mills
theory for it. Further, for the same reason one cannot write a gauge invariant
coupling of the 210 vector with matter. To construct the 210 vector couplings,
the technique we adopt is to carry out a direct expansion in powers of the vector















2 < Φ̂(+)a|V̂µνρλΓ[µΓνΓρΓλ]V̂αβγδΓ[αΓβΓγΓδ]|Φ̂(+)b >]|θ2θ¯2
+h
(210−)
















(−1)δPΓµP (1)ΓνP (2)ΓρP (3)ΓλP (4) (2)
where
∑
P denoting the sum over all permutations and δP takes on the value 0 (1)
for even (odd) permutations. V̂µνρλ (µ, ν, λ, ρ=1,2,..,10) is the vector superfield,
Φ̂(+)a is the 16+ chiral superfield (a is the generation index) and Γµ satisfies a rank-
10 Clifford algebra, [Γµ,Γν ]= 2δµν . In the following we give a full exhibition of the
couplings to only linear order in the vector superfield in terms of its SU(5)×U(1)
decompostion but a similar analysis can be done for couplings involving higher
powers of the superfield. Thus using the analysis of Ref.[3, 4] we find that the




ab < Φ̂(+)a|Φ̂(+)b > |θ2θ¯2 = h
(210+)
ab [−∂AA†(+)a∂AA(+)b − ∂AAi†(+)a∂AA(+)bi
−∂AA†(+)aij∂AAij(+)b − iΨ(+)aLγA∂AΨ(+)bL





ab < F(+)a|F(+)b > (3)
h
(210−)
ab < Φ̂(−)a|Φ̂(−)b > |θ2θ¯2 = h
(210−)
ab [−∂AA†(−)a∂AA(−)b − ∂AA†(−)ai∂AAi(−)b
−∂AAij†(−)a∂AA(−)bij − iΨ(−)aLγA∂AΨ(−)bL














In the above the upper case Latin letters (A, B, C, D) are the Lorentz indices
while the Greek letters with tilde’s(α˜,
˙˜

























































































































































































































































































































































































































































































































































































































































































































































































































































































< A(−)a|Γ[µΓνΓρΓλ]|A(−)b > Dµνρλ (8)






















− iθα˜σα˜ ˙˜α (9)




























Finally, the superpotential of the theory is taken to be
L
(210)
W = W(Φ̂(+), Φ̂(−))|θ2 + h.c.
7















where µab is taken to be a symmetric tensor and B is the usual SO(10)charge












































(−)aF(+)bi] + h.c. (12)
Elimination of the auxiliary fields is carried out in appendix C.
3 A more general analysis of 16+ − 16+ − 210 vec-
tor couplings
In this section we consider the couplings of the unconstrained 210 vector multiplet
with matter, i.e., in the analysis we use the full vector multiplet rather than the
truncated one under the constraint of the Wess-Zumino gauge. An illustration of
this procedure is given in Appendix G for the U(1) case. The Lagrangian that
governs the interactions of the 210 multiplet consists of the kinetic energy term
for the 210 plet, self interactions, and interactions of the 210 plet with 16 and 16
of matter. For generality we also include a mass term for the 210 vector multiplet.
As in Appendix G we will not impose the Wess-Zumino gauge but keep the full











































In the above the Greek subscripts(α, β, ...) are the SO(10) indices. One could,
of course, add more interactions, for example, in L
′(210 Self−Interaction)
V such as V
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etc which are allowed once one gives up the Wess-Zumino gauge. Similarly in
L
′(210 Interaction)
V+Φ one may add additional terms as well. However, the line of con-
struction remains unchanged and the inclusion of additional terms only brings in










∂ABXY∂ABXY − iΛXYγA∂AΛXY −mΛXYΛXY



















































































































































Where we have defined for brevity
Γ˜XY = Γ[µΓνΓρΓλ]; BXY = Bµνρσ; VAXYVAYZ = VAµνρσVAρσλτ (15)














, B = mC,





, Λ = Λ†γ0 (16)
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Note that each of the chiral fields, S (≡ A,Ψ, F ) can be expanded in terms of its
SU(5) components as |Sa >= |0 > Sa + 12b†ib†j |0 > Sija + 124ǫijklmb†jb†kb†l b†m|0 > Sai.
We will expand some of the terms appearing in Eq.(14) in appendix D.
































































































a Γ˜XYFb + F
†
aFa (17)





































































































































































































































In this paper we have given an explicit computation of the couplings of the 210
dimensional SO(10) vector mutliplet. Specifically, we have computed the vec-
tor couplings 16± − 16± − 210 in terms of its SU(5) × U(1) decomposition. We
approached this coupling from two view points. First, we use the conventional
approach of using the Wess-Zumino gauge. However, since the 210 couplings are
not expected to be gauge invariant and hence such interactions are not expected
to be renormalizable, we also consider a nonlinear sigma model type couplings of
210 with matter. Such couplings arise when we consider the full 210 multiplet
without using the Wess-Zumino gauge. Here elimination of the auxiliary fields
leads to interactions of the vector multiplet with the chiral fields with nonlinear-
ities of infinite order as in a nonlinear sigma model. Although couplings of the
type discussed do not thus far appear in theories of fundamental interactions a 210
vector multiplet may arise as a condensate in effective theories. The analysis we
have presented here concludes our effort to give a complete analytic computation
of all lowest order couplings involving the 16± of matter with Higgs and vector
multiplets. Although the analysis given here is specific to the case of the vector
couplings 16± − 16± − 210 the techniques developed here are general and can be
applied to other cases where the dimensionality of the vector mulitiplet does not
equal the dimensionality of the adjoint representation of the group.
ACKNOWLEDGEMENTS
This research was supported in part by NSF grant PHY-0139967. Part of this work
was done when one of the authors (PN) was visiting the Max Planck Institute fur
11
Kernphysik, Heidelberg and thanks the Institute for hospitality during the period
of his visit there. He also acknowledges support from the Alexander von Humboldt
Foundation during the period of this visit.
5 Appendix A
In this section we define the notation for the components of the vector superfield
and for the chiral superfield used in the text. For the vector superfield we have
the expansion
V̂ = C(x) + iθχ(x)− iθ¯χ(x) + i
2
θ2 [M(x) + iN(x)]− i
2



























while for the chiral superfields we have the expansion




























In this appendix we normalize the irreducible SU(5) tensors contained in a 210
vector VAµνρσ, a 210 scalar Bµνρσ, and a 210 spinor Λµνρσ. Latin letters (i, j, k, ...) are






V ′A; V iA = 8
√





2V ′ijA ; VAij =
√





























































; Bi = 8
√
6B


















































































; Λi = 8
√
6Λ



























































































































cd < A(+)a|Γ[µΓνΓρΓλ]|A(+)b >< A(−)c|Γ[µΓνΓρΓλ]|A(−)d >(28)
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In this appendix we exhibit, for the benefit of the reader, a few SU(5) expansions of
the terms appearing in our final Lagrangian Eq.(14). We begin by noting that any
of the chiral fields S (≡ A,Ψ, F ) can be expanded in terms of its SU(5) components
as

















m|0 > Sai (34)
Together with the normalizations of appendix B and the basic theorem given in









































































































































{BcicjckclVc¯ic¯j c¯k c¯l +Bc¯ic¯j c¯kc¯lVcicjckcl + 4Bcicjck c¯lVc¯ic¯j c¯kcl
+4Bc¯ic¯j c¯kclVcicjck c¯l + 6Bcicj c¯k c¯lVc¯ic¯jckcl} (36)
whereVµνρσ = VAρσλτVAλτµν . Thus we find


















































4Bcicjck c¯lVc¯ic¯j c¯kcl = Bcicjck c¯l(VAc¯ic¯jcmcnVAc¯mc¯nc¯kcl + VAc¯ic¯j c¯mc¯nVAcmcnc¯kcl
+2VAc¯ic¯j c¯mcnVAcmc¯nc¯kcl)
























































4Bc¯ic¯j c¯kclVcicjckc¯l = Bc¯ic¯j c¯kcl(VAcicjcmcnVAc¯mc¯nckc¯l + VAcicj c¯mc¯nVAcmcnck c¯l
+2VAcicj c¯mcnVAcmc¯nck c¯l)
















































































































































































V̂|Φ̂(−)b > |θ2θ¯2 (46)
where q
(±)



















(+)2 < Φ̂(+)a|V̂2|Φ̂(+)b >]|θ2θ¯2 + h
(1−)









(−)2 < Φ̂(−)a|V̂2|Φ̂(−)b >]|θ2θ¯2 (47)
where the quantities entering Eq.(47) are determined by Eqs.(48) -(54) below
h
(1+)
ab < Φ̂(+)a|Φ̂(+)b > |θ2θ¯2 = h
(1+)
ab [−∂AA†(+)a∂AA(+)b − ∂AAi†(+)a∂AA(+)bi
−∂AA†(+)aij∂AAij(+)b − iΨ(+)aLγA∂AΨ(+)bL





ab < F(+)a|F(+)b > (48)
h
(1−)
ab < Φ̂(−)a|Φ̂(−)b > |θ2θ¯2 = h
(1−)
ab [−∂AA†(−)a∂AA(−)b − ∂AA†(−)ai∂AAi(−)b
−∂AAij†(−)a∂AA(−)bij − iΨ(−)aLγA∂AΨ(−)bL

























































































































































































































W appearing in Eq.(42) is given by
L
(1)
W = µab < Φ̂
∗
(−)a|B|Φ̂(+)b > |θ2 + h.c. (55)
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(−)aF(+)bi] + h.c. (56)







































































































































































































































































In this appendix we give the complete supersymmetric vector couplings for the




























whereMµν are the 45 generators in the vector (10-dimensional) representation that
satisfy the following Lie algebra
[Mαβ ,Mγρ] = −i (δβγMαρ + δαρMβγ − δαγMβρ − δβρMαγ) (64)
and take on the form
(Mµν)αβ = −i (δµαδνβ − δµβδνα) (65)
and V̂µν in the Wess-Zumino gauge is given by










































To normalize the SU(5) fields appearing in −1
4




5V ′A; VjAi =
√
2V ′jAi; V ijA =
√




















































































V̂µνΣµν |Φ̂(−)b > |θ2θ¯2 (70)















(45)2 < Φ̂(+)a|V̂µνΣµνV̂ρλΣρλ|Φ̂(+)b >]|θ2θ¯2 + h
(45−)






< Φ̂(−)a|V̂µνΣµν |Φ̂(−)b > +1
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g




ab < Φ̂(+)a|Φ̂(+)b > |θ2θ¯2 = h
(45+)
ab [−∂AA†(+)a∂AA(+)b − ∂AAi†(+)a∂AA(+)bi
−∂AA†(+)aij∂AAij(+)b − iΨ(+)aLγA∂AΨ(+)bL









ab < Φ̂(−)a|Φ̂(−)b > |θ2θ¯2 = h
(45−)
ab [−∂AA†(−)a∂AA(−)b − ∂AA†(−)ai∂AAi(−)b
−∂AAij†(−)a∂AA(−)bij − iΨ(−)aLγA∂AΨ(−)bL


































































































































































































































































































































































































































































































































< A(−)a|Σµν |A(−)b > Dµν (77)
Next we evaluate couplings to 16+16+ of matter which are quadratic in the vector


















































































































































Similarly couplings to 16−16− of matter which are quadratic in the vector multiplet


















































































































































W = W(Φ̂(+), Φ̂(−))|θ2 + h.c. (80)
where





























































(−)aF(+)bi] + h.c. (82)






















































































cd < A(+)a|Σµν |A(+)b >< A(−)c|Σµν |A(−)d > (84)
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In this Appendix we discuss the coupling of the U(1) vector with matter without
imposition of the constraint of the Wess-Zumino gauge. We consider the following




















































Finally, the superpotential W(Φ̂) of the theory is





The couplings Mab and Gabc are taken to be completely symmetric tensors. Ex-










































































































































































































+ (Fa +MabAb + GabcAcAc)Fa +
(
F∗a +M∗abA†b + G∗abcA†cA†c
)
F †a (96)



















































































































































































Λ = Λ†γ0, ΛR,L =
1± γ5
2























































































































































































































































−Fa −MabAb − GabcAbAc (102)
































b − Fb −MbdAd − GbdeAdAe
]
(103)
For the case when self-interactions of the vector multiplet are absent (i.e., α1 =




















































































































































As is evident the U(1) invariant effective Lagrangian above is highly nonlinear
with infinite order nonlinearities.
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